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Abstract 
 
The article searches for quantitative evidence in favor of an extended 
version of Goodwin´s predator-prey model of endogenous distribution-
employment cycles for 16 countries. The model is extended to include 
several harmonics in both series. The model fits all the observations both 
within sample and out of sample for half of the countries, with a 10% error, 
and for 4 countries with a 5% error. This suggests that the model may be 
useful in empirical work. 
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1. Introduction 
 
While most explanations of cycles in the mainstream rely on 
exogenous shocks to the system, several theoretical models suggest that 
economic variables follow nonlinear processes, particularly under certain 
specifications, such as an inverse relation between hiring costs and labor 
market tightness in Burgess´s (1992) version of Diamond´s (1982) model 
of labor search and matching, or in Ramsey models with heterogeneous 
households and borrowing constraints (Bosi and Seegmuller 2009). An 
early nonlinear attempt in a Classical tradition was that of Richard 
Goodwin's (1967, 1972) model of the growth cycle, that provided an 
endogenous explanation for economic fluctuations as a result of interaction 
between capitalists and workers along the accumulation process. 
 
Most of the literature on the model has focused on the theoretical 
aspects either expanding the model or studying its structural (in) stability. 
The main strand of empirical applications has focused on testing the 
assumptions of the model, in particular the real Phillips curve (Atkinson 
1969, Desai 1984, Solow 1990, Moreno 2002) but there has been some 
more qualitative work checking whether the scatterplots of employment 
distribution for different countries actually behave in a cyclical way (Harvie 
2000, and García-Molina and Herrera 2010).  These articles found mixed 
results, with some countries having clockwise cycles, others 
counterclockwise, and still others no cyclical behavior. 
 
On the quantitative side, one strand has focused on the application of 
the model to the US (Barbosa-Filho and Taylor 2006, Mohun and 
Veneziani 2008). Dibeh et al (2007) extended the model including a 
Gaussian noise and a single harmonic in the equations and performed a 
Bayesian estimation for two countries: France and Italy. 
 
The aim of the article is to provide quantitative evidence on whether 
Goodwin´s growth cycle model actually fits employment-distribution 
behavior for a larger sample of 16 countries with clockwise cycles according 
to García-Molina and Herrera (2010). The article also contributes by 
including several harmonics in the simulation and by testing both within 
sample and out of sample forecasting 
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The first section is this introduction; section 2 develops the model; 
sections 3 and 4 explain the methodology and the data used; section 5 
presents the results and Section 6 concludes. 
 
2. Goodwin's model 
 
The fundamental idea behind the model is that the interaction 
between distribution and employment was at the root of capitalism's 
booms and slumps. Goodwin (1967, 1972) provides a formal model of this 
idea by means of the Lotka–Volterra predator–prey model (Lotka, 1956; 
Volterra, 1931A, 1931B, 1937), which results in a the cyclical behavior in the 
workers share of national income and the employment rate. 
 
He assumes a constant relation of the value of the means of 
production (constant capital) to wages (variable capital). Both figures 
grow, approaching full employment of labor. In the neighborhood of full 
employment, real wages rise (i.e. a real Phillips curve), which reduces the 
rate of profits and thus dampens accumulation. The lower rate of 
accumulation reinforces unemployment, removing the disproportion 
between capital and exploitable labor-power. Real wages fall and 
accumulation picks up again. 
 
Goodwin assumes two factors of production: capital and labor. All 
quantities are real and net. Labor productivity (a) and the labor force (n) 
grow at constant rates (equations 1 and 2).  is the fixed capital output 
ratio (equation 3), which determines the level of employment, l (equation 
4). k is the total stock of capital, q is real output, l is employment, w is the 
real wage, u, the workers’ share of national income (equation 5); and v , the 
employment rate (equation 6). 
 
0 ; 0 
ta a e                                             (1)                                 
 
0 ;  0
tn n e                                             (2) 
 
k q                                                           (3)                                   
 
l q a                                                      (4)                                   
 
u wl q w a                                               (5)             
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v l n                                                      (6)                                    
 
1k u q
                                                  (7)                                  
 
;  0,  0
w
w                                 (8)             
 
 
 
In the model, capitalists save and invest all their profits, while 
workers consume all their wages (equation 7). Finally, real wages are 
assumed to rise as employment increases, i.e. a linear real Phillips curve 
(equation 8). 
 
From equations (1)–(8) a pair of differential equations in the state 
variables u and v can be obtained: 
 
                                        
u v u
                                               (9)                  
                                        
                                        
1 u
v v
                                            (10)                 
 
 
The solution of the model is a family of closed cycles around a centre, 
i.e., the economy comes back to the initial point and starts the cycle again. 
In this dynamics, the labor share (u) and the employment rate (v) behave 
as the invariant populations of predator and prey groups. 
 
This model is not structurally stable, i.e. a small change in the 
parameters may lead to sharp changes in the dynamics. This is a potential 
problem for empirical research because this is an in vitro model that 
isolates from other factors (Veneziani and Mohun, 2007) but empirical 
work is bound to deal with measurement errors and variations in the 
specifications for particular cases. 
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Dibeh et al (2007) added a temporal harmonic disturbance to the 
model and estimated it for France and Italy. 
 
 
  (11) 
 
  (12) 
 
Where 1(t) and 2(t) are N(0,1), s is the noise matrix (a Gaussian 
Noise) (1),) , r1 and r 2 are  the amplitude of the harmonic oscillation 
introduced in the conventional Goodwin model, and  is the frequency of 
the introduced oscillation. 
 
Equations (11) and (12) are built up from the assumptions of only 
simple harmonic oscillations with u and v at the same frequency. We 
introduced more harmonics at independent frequencies and phases per 
harmonic for u and v.  Dibeh et al (2007) included sinusoidal form 
oscillations only but there is no reason to accept that they start in the first 
data, as it is implicitly assumed in the sin function. Including sin and cos 
allowed us to introduce any kind of periodic oscillations.  Although the 
series is allowed to have oscillations, the model is not stochastic. 
 
 
   (13) 
 
 
Where m is a positive integer variable, wm and w`m are the 
oscillating frequencies for u and v correspondingly, the phase is defined as 
, and the amplitude is . 
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When introducing (13) and (14) as perturbations in the original 
Goodwin model, we obtain (15) and (16), which form a fully deterministic 
model with independent perturbations for the variables that are not 
restricted to a single harmonic. This property of the model is expected to 
improve the predictive capacity of the model, although it should be noted 
that, because of the structural instability of the model, the qualitative 
behavior of the series may no longer be the same. 
 
  (15) 
 
 
 
3. Estimation of the model 
 
A series covering a period of n years was divided into two sets of data, 
a sample of n-5 years and a forecasting period of 5 years. Equations (15) 
and (16) were implemented and numerically solved in MATLAB. For each 
series, a maximum number of harmonics was imposed to be equal to 10, as 
long as the length of the series allowed it. For each series the sample period 
was analyzed in search of periodic motion by identifying the Fourier 
decomposition and the resulting harmonics were added to Goodwin´s 
model4. Also with the sample period, the parameters from equations (1) to 
(4), ( wm, a´m, b´m, w`m),  were 
estimated. With these parameters and the actual value of u and v for the 
first year,  the u and v series were numerically reconstructed for a period of 
90 years. 
 
The 5 years forecasting period was used to verify the accuracy of the 
prediction using the parameters estimated within the sample. A visual 
comparison was made for the original, the simple harmonic and the 10 
harmonic versions of the model. The percentage of accuracy was calculated 
both within and out of the sample. 
 
 
 
 
 
                                                 
4
 The procedure for identifying the harmonics was automatic. The frequencies for each country can be 
different. 
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The error was measured as the Euclidean distance between the 
observed and the estimated points and it was expressed as an absolute 
magnitude and as a percentage of the norm of the vector from the origin to 
the observed point. As it is a non linear estimation, there is no standard 
rule for deciding whether the error is large or small. 6 thresholds were 
used: 0.1, 0.05 and 0.01 for the absolute error; and 10%, 5% and 1% for the 
relative error.  
 
4. The data 
 
Data were collected for 26 countries from different sources, including 
UN, IMF, the World Bank, central banks, national statistics offices, 
regional organizations, and databases from local universities. As the 
building of the cycles for single countries included local sources, there may 
be countries for which figures are not expressed in PPP exchange rates. As 
a result, comparisons cannot be made in quantitative terms between 
countries although qualitative behavior within a country can be 
established. The 26 countries were selected because they were the ones that 
García-Molina and Herrera (2010) had suggested as having Goodwin cycles 
according to the apparent form of the scatterplots. It should be noted, 
however, that not all these countries had full cycles but only the shape of an 
incomplete cycle. In addition, there were differences in the length of the 
available series. The model was applied to 16 countries that met criteria of 
having at least 30 observations: Australia, Austria, Bahrain, Belgium, 
France, Germany, Ireland, Italy, Jamaica, Japan, Kenya, Netherlands, New 
Zealand, Panama, United Kingdom and USA. 
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5. Results 
 
As the series showed high spectral content. Figure 1, shows the 
improvement of the multi-harmonic approach compared to the original 
Goodwin model and the Goodwin model plus a single harmonic for the case 
of France.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Comparison of u and v predicted series from Goodwin, a 
single harmonic and a multiple harmonic approach. 
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Both figures show that the ten-harmonics model manages to account 
for a good deal of the nonlinear behavior of the actual series for France. 
The second step in the validation process was to examine the forecasting 
power of the model. In order to do this the parameters calculated when 
fitting the first 25 years were used to extrapolate the behavior of the model 
for the next 5 years. 
 
The summary of within-sample performance appears in Table 2. The 
model fitted all the data with the 10% and 0.1 criterion for half of the 
countries (Germany, Austria, Australia, Panama, US, New Zealand, 
Belgium and Netherlands); for 4 (Germany, Austria, France, US) with the 
5% and 0.05 criterion; and for none with the 1% and 0.01 criterion.  These 
results agree with Figures 1-3. The model fits well the general movements 
down to 5% errors. But it does not perform well when smaller errors are 
required. Considering this is a non-linear model for volatile variables, the 
performance appears to be good. 
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OUT OF SAMPLE PERFORMANCE
% success Acceptance 0.1 Acceptance 0.05 Acceptance 0.01 % Norm 0.1 % Norm 0.05 % Norm 0.01
100% 9 4 0 8 4 0
80% 1 0 0 2 0 0
60% 0 1 0 0 0 0
less than 60% 6 11 16 6 12 16
Total countries 16 16 16 16 16 16
WITHIN SAMPLE PERFORMANCE
% fitness Acceptance 0.1 Acceptance 0.05 Acceptance 0.01 % Norm 0.1 % Norm 0.05 % Norm 0.01
100% 9 4 0 8 4 0
[90%-100%) 4 5 0 5 4 0
[80%-90%) 0 2 2 1 3 2
[60%-80%) 1 2 2 0 2 0
[20%-60%) 2 3 4 2 3 6
[0%-20%) 0 0 8 0 0 8
Total countries 16 16 16 16 16 16
 
Table 2 
 
 
 
 
 
 
 
 
 
The forecasting period was 5 years. Out-of-sample performance is 
reported in Table 3. Half of the countries forecasted all the observations 
with the 0.1 and 10% error criteria (Italy, Australia, Germany, US, Belgium, 
France, Jamaica and Netherlands); 4 out of 16 (Italy, Australia, Germany, 
US) achieved the same score with the 0.05 and 5% error criteria.  Out-of-
sample performance concords with within-sample performance.  Thus, the 
introduction of harmonics at different frequencies and independent 
between u and v improves the forecasting capability of Goodwin´s model. 
 
Table 3 
 
 
 
 
 
 
 
 
6. Conclusions 
 
Goodwin´s model is fully deterministic. This article develops on this 
idea introducing periodic deterministic noises for the two main variables of 
the model. In order to empirically validate it, the model was enhanced here 
by introducing several harmonics. In equations (11) and (12) the Gaussian 
noise part is not small for the time series of u and  under study because 
the variance under an OLS regression is not small enough and affects the 
quality of the prediction. In the several harmonics model we substitute 
Gaussian noise for a deterministic alternative of the fluctuations in u and 
 as shown in (13) and (14). This procedure results in better 5 years 
forecasting for u and . 
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As u and  in (11) and (12) have a stochastic component, any 
discrepancy with the forecast can be attributed to the fluctuations in 
random behavior, making it immune to verification. Unlike this, the 
several-harmonics model can be assessed because of its deterministic 
nature. 
 
The parameters were estimated allowing taking into account the 
specification of noises that could be of different kinds. This leads to a 
completely deterministic model with more accurate predictions by 
extending the capabilities of the model to include different harmonics for 
each country under study. Although the original model was endogenous, 
the introduction of harmonics amounts to letting exogenous periodic 
fluctuations into the model, giving origin to a hybrid model. 
 
 
What does the introduction of the harmonics mean? The original 
Goodwin model was deterministic and structurally unstable. As a result, 
small modifications in the model might render it useless for empirical 
applications. The introduction of the harmonics means that we allowed for 
the possible effects of any fluctuations in the variables that have a periodic 
nature and are independent for each variable, and then we contrasted it to 
actual data. The results show that the model actually fits the data and has 
good forecasting properties for half of the countries. Hence, the model 
could be useful for future comparative tracking of growth cycles 
considering multi harmonics to describe the non linear growth in several 
countries. 
 
As the predictions of the model are provided for a long period after 
the sample, it is possible for future researchers to update the database and 
use it to further assess the forecasting capabilities of the model. 
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